Analogous results are given for the classical ring of quotients of a group ring over a free abelian group. As a corollary it is proved that if R is either commutative or right nonsingular then R[X] is right FPF iff X has cardinality one and R is semisimple Artinian. A similar result holds for right FPF group rings over a free abelian group.
Introduction
In this paper we are concerned with the question of when the polynomial ring R[X] over an arbitrary set of variables X, has a right or left self-injective left classical ring of quotients. Let Z be the right ideal of Q defined by Z = U nzo ra(lR(Zn)). We can define a morphism f : I-+ Q as follows, f(q) = s,(x)q for q E ra(l,(Z,)).
It is easy to see that f is well defined, because if q E r,(l, Since Q is right self-injective, there is an element p(X)g(X))' E Q such that
There is only a finite number of indeterminates with nonzero coefficient in p(X) and g(X). So we can take n such that y,,-deg( p(X)) = y,-deg(g(X)) = 0. Since
sa is es t' fi the right Ore condition, there exist r(X) and a regular polynomial s(X), both with y,-deg = 0, such that c,s
(X) = g(X)r(X). So p(X)g(X)-'c, =p(X)r(X)s(X))' = s,(Y)c,, then p(X)r(X) = s,(Y)c,s(X). But y,-deg( p(X)r(X))
= 0 and y,-deg(s,(Y)c,s(X)) = 1. This gives a contradiction with the existence of an ascending chain of annihilators. 0
It was proved by Faith [4] that a right self-injective ring satisfying the ascending chain condition on right or left annihilators is a quasi-Frobenius ring. Throughout the paper this will be our main tool in proving that a ring is QF. exists and is right self-injective. Then R is semisimple artinian.
Proof. Since R must be a regular ring satisfying the ascending chain condition on right annihilators, then by [7, Corollary 2.161 R is semisimple artinian. c3 Robson's Theorem [15, p. 3681 states that a ring R is a left order in a semilocal ring iff there is an ideal I of R that satisfies the following conditions:
(1) R/Z = R is semiprime Goldie, (2) a E Rreg whenever 6 E R reg, In what follows Z,(R) = {a E R ) Z,(a) se R} will denote the left singular ideal of R. Proof. (i) This is due to Shock [17] .
(ii) Suppose that a E (Z, ( Qf,(R[x] )) f' R). Then for any YE R, l,;,cR,,,,(a) Let r : Q-+ Q/J be the natural projection map.
Then we clearly have that (RIZ,(R))[x] s S/J fl Sz r(S). If f = c fxi E S then n(f) E r(S) corresponds to c (J; + Z,(R))x' E (RIZ,(R))[x]
which by abuse of notation, we shall denote by 7r( f) as well.
We show firstly that Ql,(n(,S)) = Q/J. Let r(g) E rr(S)?
Then the left annihilator of 7~( g) in Q/J is zero, and since Q/J is semisimple, n(g) is a unit in Q/J. (Note that it then follows that g is a unit in Q since J is the Jacobson radical of Q.) The claim follows immediately.
Hence rr(S) (and consequently, R/Z,(R))
is semiprime Goldie. Next we show that a regular polynomial in R[x] satisfies the condition of Lemma 2.1. Let then g be regular in R[x].
Since Q exists, g is invertible in Q, hence r(g) is invertible in Q/J. So T(g) E n(S)"'.
By Small's [18, Lemma 21 result there exists r(f) E n(S) such that r( fg) has a regular coefficient c + Z,(R) in R/Z,(R). So fg has a coefficient c such that c + Z,(R) is regular in R/Z,(R).
Then c + J is a unit in Q/J so that c is a unit in Q, hence regular in R.
By Lemma 2.1, Q:,(R) exists and is left self-injective.
By an earlier remark we need only show that Q:,(R) is semilocal. We apply Robson's Theorem to Z = Z,(R).
The first two conditions are clearly satisfied. Let then a E I, and b E Rreg. Then by the Ore condition, there exist a' E R, b' E Rreg such that a'b = ab'. Since ab' E Z,(R) and l,(ab') C l,(a'), we have a' E I. 0 A ring R is said to have finite right Goldie dimension if it contains no infinite direct sums of right ideals.
Proposition 2.4. Let R be a ring such that Qe,(R[x]) exists and is injective as a right R[x]-module.
Then R has finite right Goldie dimension and Q:,(R) exists and is a QF ring that is injective as a right R-module. 
Proposition 2.7. Let R be a right Goldie finite-dimensional ring, such that Q:,(R) exists and is a QF ring that is injective as a right R-module. Then Q:,(R) = Q:,(R) exists, so that in this case R has a two-sided QF classical ring of quotients.

Proof. Since R has right finite Goldie dimension R, se Q z,(R), so Q z,(R) g E(R.).
We want to prove that E(R,)z Q',,,(R), for this consider Now the right maximal ring of quotients is the endomorphism ring of the injective hull viewed as a left H-module, so in our case it is isomorphic to the opposite ring of Q:,(R).
But if Q:,(R)
is QF, then so is its opposite ring, in particular our maximal ring of quotients is self-injective thus isomorphic to E(R,).
Now Z,( Q%,(R)) = J(Q) and J( Q:,(R)) fl R = N(R) [19, Corollary XV.3.21 the maximal nilideal of R, then R/IV(R)
1s a semiprime right Goldie ring. On the other hand Zr (Qz,(R) (ii) There exists a free abelian group F such that Q zI(RF) exists and is a QF ring.
(iii) For any free abelian group G, Qf,(RG) exists and is a QF ring. (ii) There exists a free abelian group F such that RF has a two-sided classical ring of quotient that is a QF ring.
(iii) For any free abelian group G, RG has a two-sided classical ring of quotients that is a QF ring. 0
A ring R is called right FPF if all its finitely generated faithful right modules are generators of the category of right R-modules. For any right module M the trace ideal of M is a two-sided ideal of R defined by
Clearly M is a generator iff tr(M) = R.
Commutative FPF rings were characterized by Faith as those commutative rings such that the classical ring of quotients is self-injective and finitely generated ideals are projective, cf. [5, Theorem 5.10, p. 721. In [13, Theorem l] Kobayashi characterized nonsingular right FPF rings in the following way. (i) The center of R is a regular ring.
(ii) Zf a is a left regular element of R, then RaR = R. We give now a result analogous to Lemma 3.4 that will lead us to the same conclusions for FPF group rings over a free abelian group.
Proof. (i) Let
Lemma 3.6. Let R be a ring and Z the group of integers generated by an element x. Zf for any element a E R, the right ideal aRZ + (1 -x)RZ generates the category of right RZ modules, then:
(i) The center of R is a regular ring. (ii) Zf a is a left regular element of R, then RaR = R.
Proof. (i) Let a be a central element of R. Since the ideal aRZ + (1 -x)RZ is projective, as in Lemma 3.4 by using [9, Lemma 2.31 we can conclude that the center or R is regular.
(ii) Suppose now that Q is a left regular element of R. Consider the ideal Z = aRZ + (1 -x)RZ. Now the proof goes as in Lemma 3.4. We only have to remark that, since a is a left regular element, for any f E Hom,,(Z, RZ) we have thatf(a)(l-x)=f(l-x)a,thusf(l-)' x is an element of the augmentation ideal of RZ. Cl Corollary 3.7. Let R be a ring that is either commutative or right nonsingular and G a free abelian group. Then RG is right FPF iff G z Z and R is semisimple artinian. 
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